Abstract. We show that an i.i.d. uniformly colored scenery on Z observed along a random walk path with bounded jumps can still be reconstructed if there are some errors in the observations. We assume the random walk is recurrent and can reach every point with positive probability. At time k, the random walker observes the color at her present location with probability 1 − δ and an error Y k with probability δ. The errors Y k , k ≥ 0, are assumed to be stationary and ergodic and independent of scenery and random walk. If the number of colors is strictly larger than the number of possible jumps for the random walk and δ is sufficiently small, then almost all sceneries can be almost surely reconstructed up to translations and reflections.
Introduction and result
We call a coloring of the integers Z with colors from the set C := {1, 2, . . . , C} a scenery. Let (S k ; k ∈ N 0 ) be a recurrent random walk on Z. At time k the random walker observes the color ξ(S k ) at her current location. Given the color record χ := (ξ(S k ); k ∈ N 0 ), can we almost surely reconstruct the scenery ξ without knowing the random walk path? This problem is called scenery reconstruction problem. In general, one can only hope to reconstruct the scenery up to equivalence, where we call two sceneries ξ and ξ equivalent and write ξ ≈ ξ if ξ is obtained from ξ by a translation and/or reflection.
Early work on the scenery reconstruction problem was done by Kesten in [14] . He proved that a single defect in a 4-color random scenery can be detected if the scenery is i. In this article, we prove that scenery reconstruction still works if the observations are seen with certain random errors. We make the same assumptions on scenery and random walk as in [22] : The random walk can reach every integer with positive probability and is recurrent with bounded jumps, and there are strictly more colors than possible single steps for the random walk. To keep the exposition as easy as possible, we assume in addition that for the random walk maximal jump length to the left and maximal jump length to the right are equal; we believe that the results of this paper remain true without this assumption. At time k the random walker observes color ξ(S k ) with probability 1 − δ, whereas she observes an error Y k with probability δ. If the errors are independent of scenery and random walk, the occurences of errors are i.i.d. Bernoulli with parameter δ and Y k , k ≥ 0, is stationary and ergodic, then for all δ sufficiently small, almost all sceneries can be almost surely reconstructed up to translations and reflections.
More precisely, we consider the following setup: Let δ ∈]0, 1[. Let µ be a probability measure over Z with finite support M. With respect to a probability measure P δ , let S = (S k ; k ∈ N 0 ) be a random walk starting at the origin with independent µ-distributed increments. We assume that E[S 1 ] = 0 and M has greatest common divisor 1; hence S is recurrent and can reach every z ∈ Z with positive probability. Let ξ = (ξ k ; k ∈ Z) be a family of i.i.d. random variables, uniformly distributed over C. Let X := (X k ; k ∈ N 0 ) be a sequence of i.i.d. random variables taking values in {0, 1}, Bernoulli distributed with parameter δ, and let Y := (Y k ; k ∈ N 0 ) be a sequence of random variables taking values in C which is stationary and ergodic under P δ . We assume that (ξ, S, X, Y ) are independent. The scenery observed with errors along the random walk path is the processχ : Löwe, Matzinger, and Merkl in [22] .
Closely related coin tossing problems have been investigated by Harris and Keane [7] , Levin, Pemantle, and Peres [18] , and Levin and Peres [17] . The present paper has to a large extend been motivated by their work and a question of Peres who asked for generalizations of the existing random coin tossing results for the case of many biased coins.
Let χ := (χ k ; k ∈ N 0 ) be a coin tossing record, obtained in one of the following ways: a) a (two-sided) fair coin is tossed i.i.d., or b) at renewal times of a renewal process a coin with bias θ is tossed and at all other times a fair coin. Can we almost surely determine from χ whether we are in case a) or b)?
Let u n denote the probability of a renewal at time n. Harris and Keane in [7] showed that if ∞ n=1 u 2 n = ∞ then we can almost surely determine how χ was produced, whereas this is not possible if ∞ n=1 u 2 n < ∞ and θ is small enough. Levin, Pemantle, and Peres in [18] showed that to distinguish between a) and b) not only the square-summability of (u n ) but also θ is relevant. They proved that
